The paper introduces a theoretical model aimed to calculate the ionization energies of many electron atoms and their ions. The validity of the model, which implements the statistical formulation of the quantum uncertainty to infer a simple formula of ionization energy, has been already proven in a previous paper comparing systematically experimental and calculated values for elements with atomic numbers 2 29 Z ≤ ≤ , whose electron configurations include all ions with numbers e n of electrons 2 e n Z ≤ ≤ . The present paper enhances and extends the results previously obtained; the approach is now generalized to include even the transition elements and in particular the lanthanides and actinides. The validity of the proposed model is proven examining all experimental data of ionization energies of these elements and their ions available in literature.
Introduction
The calculation of the electron energy levels of atoms and ions is a challenging topic of quantum chemistry for its scientific [1] [2] and technological [3] importance. After the success of Bohr's model, the next task was that of describing the many electron atoms. The first issue to be considered was then the mutual interaction between electrons. In the simplest case of He, for example, it is possible to calculate with classical methods the mutual repulsion energy between two electrons averaging the interaction between small elements of charge density of the first electron with that of the second electron in 1s orbitals [4] . Correcting the hydrogenlike binding energy of two electrons with this repulsive term, the ionization energy of one electron from the neutral atom was then 0 1.5E with 4 2 0 2 E e m = . Yet this value, 20.42 eV, poorly agrees with the experimental value 24.58 eV. A full quantum mechanical approach appeared soon necessary, e.g. to take into account also the electron spins. To this purpose the orbitals of many-electron atoms are assumed similar to those of the hydrogenlike atom, so the quantum numbers are still suitable to describe the energy levels of the orbitals; however, whereas in H the electron energy depends essentially on n only, in a many-electron configuration the orbital energies depend in general on l and s, and m as well in the presence of an external field.
In general, the main problem of the theoretical approach to solve the wave equation of a cloud of electrons in the field of a nuclear charge is the electron correlation, due to the mutual interaction between electrons [5] . For example the Coulomb correlation concerns the spatial positions of electrons due to their repulsive interaction, whereas two electrons with parallel spins cannot be found at the same point in space according to the the so called Fermi correlation.
Furthermore, a form of correlation is also related to the overall symmetry of the concerned quantum system. In principle the Schrödinger equation allows to take into account any effect possibly contributing to the electron energy level through an appropriate potential energy term, e.g. the mutual repulsion between electrons. However a simple analytical solution of the full Schrödinger equation
does not exist because of the terms ij r expressing the mutual distances between the i-th and j-th electrons; approximation methods are necessary. As the chemical properties of atoms, and thus the pertinent group of the periodic table, are essentially controlled by the outer valence shells, a typical approximation is to replace the nuclear charge Z e with effective charge eff Z e accounting for the shielding effect of core electrons in the atom on the valence electrons.
The variety of effects involved to describe how the dynamics of one electron is perturbed by the interaction with the other ones requires in general a difficult mathematical formalism. Electron correlation is someway considered by the Hartree-Fock (HF) approximation via the exchange term of electrons with parallel spin, whose anti-symmetric wave function is approximated by a single Slater determinant. Exact wave functions, however, cannot generally be expressed in this way. A single-determinant approximation does not take fully into account Coulomb correlation, so that the electron energy calculated via the non-relativistic Schrödinger equation is higher than its true value. Currently approximate methods of calculation of energy levels implement HF and post-HF computational models [6] , among which deserve to pay attention to the Configuration Interaction (CI) [7] and the Density Functional Theory (DFT) [8] [9] .
CI is a variational method to solve the non-relativistic Schrödinger equation of a multi-electron system, whose wave function is defined mathematically by a linear combination of Slater determinants. The interaction is introduced by mixing different electronic states, which specify the orbital occupation [10] . The CI calculations are suitable to describe small quantum systems because the method requires long calculation times.
S. Tosto
Larger quantum systems are approachable via the density functional theory (DFT), which is used to describe the ground state of the electronic structure of many-body systems, consisting of single atoms or atoms in condensed phase.
The properties of quantum systems are determined by functionals, i.e. functions of an appropriate function that typically represents the space distribution of electron density of an assigned electron configuration.
The calculation of the energy levels is particularly significant for the transition elements (TE) [11] , whose technological importance is acknowledged mostly in catalysis [12] and electronics [13] . From a quantum standpoint the "Aufbau" of quantum states leaves empty some orbitals, according to the idea that the ground state corresponds to the minimum configuration energy [14] .
In fact the "Aufbau" principle' is useful to account for the electronic structures of most atoms, yet it fails with some elements; the underlying theory is not generalizable "as such" to all elements of the periodic table [15] . Are identifiable four d block elements that involve the nd and ( ) 1 n s + levels. Owing to the energy of the level 4s lower than 3d, the electron configurations of elements with 3 n = , the first block includes elements from Sc to Ni, whereas Cu has the "regular" At higher Z, are acknowledged in the periodic table two more series, the so called 5d and 6d block series, known as lanthanides and actinides.The former includes elements from La to Hf through Au, the latter from Ac to Lr.
The Lanthanides have a similar outer shell electron configuration and thus physical similarities. The peculiarity of these TE is that they have electrons in the f orbital. After La the energy of the 4f sub-shell is slightly lower than that of the 5d sub-shell; so the electrons fill the former sub-shell before the latter. This causes the so called lanthanide contraction, where the 5s and 5p orbitals penetrate the 4f sub-shell; so the 4f orbital is not shielded from the increasing nuclear change, i.e. the atomic radius of the atom decreases throughout the series. This fact affects the ease at which lanthanides lose electrons, i.e. their basicity and thus their reactivity with other elements. The basicity decreases at increasing atomic numbers, which explains the different solubility of their salts and the formation of the complex species and their magnetic properties depending on whether the electrons are paired or unpaired.
In the actinide series the energy in the 6d orbitals is lower in energy than in the 5f orbitals. Despite the energy gap between the configurations is small, the electrons fill preferentially 5f orbital, 6d orbital and then 7s orbital.
The 5f orbitals are not shielded by the filled 6s and 6p sub shells and do not shield effectively each other from the nucleus; their energies decrease rapidly at increasing atomic numbers.
It is clear that the ground energy levels of these TE and their ions are the key to explain the configuration sequences at increasing Z and thus their chemical and physical properties. On the one hand, investigating the electron structure of TE is challenging from a theoretical point of view. While the general idea is clear,
i.e. the stable state corresponds to that of minimum energy, the calculation of the energy levels is very complex mostly because are involved several electrons; also, the schematic approximation of inner shell and outer shell, acceptable for example in the case of the alkali metals, is doubtful because the anomalous "Aufbau" involves inner d, f and s shells with several electrons. On the other hand, this topic has crucial technological implications: the diamagnetic or paramagnetic properties of the various elements depend on their electron configurations, as well as the catalytic properties and the ability to form coordination compounds and importance in electronics [16] . Is comprehensible thus the usefulness of investigating in particular the energy levels and ionization energies of TE, even at the scale of isolated ions/elements only, through a general and systematic calculation scheme.
It is worth quoting in this respect a possible theoretical approach alternative to CI and DFT based on the statistical formulation of the quantum space time uncertainty [17] , initially aimed to describe isolated atoms/ions and successively extended to the diatomic molecules [18] . The approach proposed here is an extension and enhancement of the previous model, purposely aimed to include the TE. Indeed the validity of the model was preliminarily tested up to an electron configuration of atoms and their ions up to 29 electrons. In the quoted paper the elements examined were characterized according to the standard "Aufbau" principle; remained instead untested and unanswered the problem of verifying whether or not the model could also describe the peculiar filling sequence of the electron levels in the TE.
Just this is the purpose of the present paper.
Physical Background
This section reminds shortly a few crucial points of [17] to better understand the model proposed in this paper and make the following exposition as self contained as possible.
It is possible to describe the properties of many electron atoms/ions implementing uniquely the statistical formulation of the space time uncertainty
The second equality follows from the former defining t x v ∆ =∆ and been actually inferred as a corollary of an operative definition of space time [19] .
The following remarks exemplify shortly on the one hand how to exploit the agnostic positions (2.1) replacing systematically the local dynamical variables with the respective uncertainty ranges, and on the other hand to show that the minimal information accessible in this way through Equation (2.1) only is in fact equivalent to that available through the usual operator formalism of wave mechanics.
The quantum angular momentum M and energy el ε of hydrogenlike atoms are concerned first.
The classical component of M along an arbitrary direction defined by the unit vector w is w M = × ⋅ r p w , being r the radial distance of any particle from the origin O of an arbitrary reference system R and p its momentum.
The positions → ∆ r r and → ∆ p p enable the number l of states to be calculated considering only the total ranges ∆r and ∆p of distances and momenta physically allowed to the particle, about which no hypothesis is necessary; instead the random local values r and p themselves have no physical interest. So
Consider the quantum system formed by a particle in a central force field, e.g.
an electron around a nuclear charge. 
3)
It appears once more that neither the local coordinates nor the range sizes play any role in determining quantum angular momentum and energy levels.
The physical meaning of r ∆ is related to the early Bohr radius, i.e. el ε is due to charges of opposite sign delocalized within a diametric distance 2 r ∆ apart. Note that n and l are properties of the phase space, i.e. numbers of allowed quantum states; they describe the whole quantum system "nucleus + electron" rather than the nucleus and the electron separately, in agreement with the fact that nucleus and electron share a unique uncertainty radial range. wavelengths λ is defined along a circumference of radius r ∆ along which the electron wave propagates at rate v. For such electron waves one finds
The first chain of equalities will be explained in the next section 6, in particular as concerns the evident link of pc and It has been shown in [17] that the approach based on the considerations of this section implies by consequence also the following expression of ionization energy ( )
,
where e n is the current number of electrons in the atom/ion. 
The previous model aimed essentially to show that the Equation (2.1) enable the ionization energies to be successfully calculated. This is understandable because in fact the Equations ((2.4) and (2.5)) show the chance of inferring in a natural way from the Equation (2.1) also the basic ideas of the quantum theory; moreover further fundamental concepts, e.g. the spin and the Pauli principle, can be deduced as corollaries, as it will be shown in the next section 6.
The enhanced model described in this paper aims to extend the range of atomic numbers and to overcome the best fit assumption about Q, whose physical meaning is introduced in a general way; the numerical value of Q is calculated in the conceptual frame of the model for all values of atomic numbers and electron configurations. So the input parameters of the model are the two constants (2.8) only.
In this paper the ionization energies ion E are regarded with positive sign and expressed for simplicity of notation in 0 E units 0 0 , 13.598 eV.
All experimental data have been taken from [19] .
Outline of the Present Model
The Equation (2. .
Since the energy of an electron hypothetically interacting with the nuclear charge only would be described by the mere hydrogenlike term ( ) 2 ; as it introduces explicitly the distinctive property of the electron correlation: in principle, any calculation scheme that implements correlation terms taking arbitrary continuous energies seems "a priori" incompatible with the existence of discrete energy levels. Rather it appears conceptually sensible that the electron correlation resulting from all forms of interactions, whatever these latter might 
n n a n a
both boundaries of the allowed ranges of 1 Q and 2 Q defined in this way are numerical limits calculable as a function of Z and e n and thus known.
Despite the total lack of information about position and momentum of the various electrons, it is possible to define the average ionization energy and calculate the average of the Equation (3.5) with respect to the possible values of Q Q Q ∆ = − , Equation (3.3), is also evidenced.
2
Q in an arbitrary range compatible with (3.8) and (3.9) . By definition, one infers in general from the Equation (3.5)
The integral is calculable in closed form; the result is ( )
The asymptotic limits .
whereas the average repulsion energy results to be ( )
r e e Z b a n u n u n ε ξ
By direct substitution of the Equation (3.4) into the Equation (3.13) one finds
as it is evident recalling the Equation (3.11).
Moreover it also appears that in particular, owing to the definition of min I , the Equation (3.14) is identical to the Equation (3.10) once putting 
The second inequality, self-evident, emphasizes that the problem is now to (3.19) ; thus the former is the sought generalization of the latter. Indeed F represents in general any value of repulsion energy in the atom related to any possible random distance between electrons, whereas the zeros of F represent instead the condition of minimum repulsion energy between electrons in a given configuration.
In conclusion, the product 1 
Preliminary Calculations
This section highlights in detail how to implement the considerations so far exposed, in particular the Equation moreover the Equations ((3.8) and (3.9)) imply the following ranges Q corresponds to a value of 1 Q outside both allowed ranges indicated in (4.2). These considerations clarify that the notation "n" stands for negative, "s" for sum, "q" for 1 Q and "u" for unphysical value of Of course this procedure can be identically applied to any values of Z and i n ; in this respect a further example is worth being reported in Table 2 to ensure that the agreement just found in Table 1 What is really crucial, indeed, is that in the first column of Table 1 and Actually there is a more substantial physical reason to propose such a calculation strategy. In the present model the repulsion energy (3.6) is quantized;
i.e. not only i ε but also r ε are calculable through the same 1 Q and 2 Q identified as shown above and through n. Both are actually eigenvalues; in fact the specific value of n is implemented to calculate the values of Table 1 and Table 2 To verify this conclusion Table 3 and Table 4 
The Transition Elements
This section concerns the central point of the present paper, i.e. the calculation of the ionization energies of the TE. Table 1 and Table 2 and Figure 2 aimed essentially to highlight the method of calculation, whereas the six atoms/ions of Table 3 and Table 4 are enough to verify the generality of the results achievable with the conceptual frame highlighted in the section 2. The previous examples have deliberately concerned chemical elements whose electron pile-up follows the mere Pauli principle, although it is not so for K, Ca and Mn, whose energy level 4s is lower than 3d; in particular, for 25 Z = the electron configuration Mo that belong both to the second d block.
The chance of including successfully even these three elements among the test examples stimulates to extend the present analysis of the electron energy levels also to the transition elements of the lanthanide and actinide series. For this reason Table 5 and Table 6 report respectively examples of results calculated for
The ground electron configurations of the elements in Table 7 are: Table 5 are: As concerns the outcomes of the present model, apparently nothing distinguishes these elements from "regular" elements like Ar with 18 Z = ; this holds both for neutral atoms and their ion states. The results confirm what has been verified in Table 3 and Table 4 , i.e. even the transition elements fit the general calculation scheme hitherto introduced. The approach systematically implements all numerical steps from the Equations ((3.10) to (4.5)) via s Q , which depends on Z , e n and n only: one infers therefore i ε as a function of the electron cloud and nuclear charge through the Equation (2.7).
The fact that this calculation scheme holds regardless of the different physico-chemical properties of the atoms/ions has a double explanation. On the 
E
Z n = or Dirac relativistic level that appears here as a mere additive term.
On the other hand, this means that Q of the Equation (2.7) includes and somehow summarizes all physical effects underlying not only the mutual repulsion between electrons but also relativistic effects like their spin-orbit or spin-spin interaction. The next section aims to highlight these crucial points.
Discussion
The horizon of the present model is the whole periodic table of the elements, not some specific electron configuration of selected atoms/ions. To understand why the standard approach based on the wave equation conflicts with the regular "Aufbau", it is enough to emphasize that the Equation (2.1) are inherently rooted in the fundamental concept of space time as shown in [20] ; the wave formalism, inferred from the (2.1) as a corollary [21] , represents the chance of extracting the probabilistic essence of the wave mechanics from the total agnosticism of the quantum uncertainty. The postulates (2.4) and (2.5) of the wave mechanics are actually straightforward corollaries of the (2.1); for this reason the wave chance implies as a matter of fact a more difficult mathe-matical approach. In effect the Equation (2.7) was obtained in [17] from the (2.1) only, as shortly summarized in the section 2 to make this paper as self contained as possible. This suggests that the anomalous way of filling the energy levels is actually necessary and appropriate to make the quantum mechanical wave formalism compatible with that, more general, implementing directly the total uncertainty. Accordingly, once having bypassed the wave function from which the energy operator extracts the energy eigenvalues, it is rationale that the order of progressive orbital filling becomes bypassed as well; the Equations ((3.8) and (3.9)) in effect regard every electron identically at infinity or very close each other regardless of any probabilistic constrain, i.e. without any orbital occupancy sequence. Note that these considerations have been proven valid also for the diatomic molecules and, mostly important, are susceptible of relativistic generalization. The remainder of the paper aims to explain further just these crucial points. Two facts deserve attention:
1) the principal number n of allowed quantum states only has been here implemented;
2) the systematic coincidence between calculated and experimental ionization energies implements the "Aufbau" principle only, see inputs (4.1).
This is because all calculations concern essentially Q initially introduced in the Equation (2.7) and subsequently inferred from the experimental values of i ε in the Equation (3.1). On the one hand, the results support the validity of the Equations ((2.7) and (3.22)), i.e. the Equation (3.11) behind them; on the other hand, the fact that the way of calculating Q in Table 1 and Table 2 ε , the present model also implies in a natural way quantized correlation energy: in effect it is physically inappropriate to think that continuous values of the related correlation terms, whatever they might be, are compatible with the discrete electron energy levels experimentally revealed by the spectral lines of atoms and ions. Also this point has been checked considering of course the Equation (3.15) that fulfills the minimum condition (3.13), and not the preliminary eq (3, 6) .
Calculate thus the Equation (3.15) putting n equal to the "regular Aufbau" quantum number and mc n that are typically relativistic and merge relativity and quantization via n without having introduced purposely relativistic concepts? Since the present model is based on the Equation (2.1) and their implications, the starting Equation (2.7) is in fact a direct corollary, it is necessary to highlight what the Equation (2.6) and the Equation (2.1) themselves have to do with the relativity.
In short, these questions are all summarized in the following one: why should be the Equation (2.1) really far reaching?
Despite an exhaustive answer to these questions is outside the purposes of the present paper, it is necessary to remind that the so called "relativistic effects"
actually are themselves nothing else but quantum effects; the paper [21] has shown indeed that even the general relativity is rooted into the Equation (2.1) and that the wave operator formalism is a corollary itself of the Equation (2.1).
Moreover even the quantum fluctuations of the black body imply by consequence relativistic corollaries [23] as well. These points, crucial to complete and justify the previous considerations of the section 2, deserve being very shortly sketched below although more specifically concerned in several dedicated papers.
Mostly important, no additional hypothesis is necessary to this purpose:
considering for simplicity and brevity the moduli of the momentum and velocity vectors, are evident some straightforward consequences implied by the considerations of the section 2.
i) First of all, the Equation (2.1) merge in a natural way space and time coordinates. Moreover note that the Bohr radius is inversely proportional to m.
Reasoning in terms of local coordinates, this statement is self aimed: it concerns two particles more or less apart each other. The implication is different considering the Equation (2.2) that concerns instead the space time range size r ∆ ; the same formula expressed as a function of r ∆ instead of the local distance r means that the space time is affected itself by m, i.e. the higher the mass the stronger its shrinking effect on the space time size. It is reasonable to guess that this effect has to do with the local space time curvature induced by the presence of a mass, one of the most relevant ideas of the general relativity together with the constancy of light speed.
ii) As concerns just this second statement, let us show how it explains the Equation (2.6). Consider that the Equation (2.1) read identically -Note that p ∆ and ε ∆ of the standard special relativity are ranges exactly known; here instead they are uncertainty ranges, whereas p and ε are local dynamical variables random, unknown and unknowable and thus of no interest.
However, the formulas and the concept of invariance are the same.
-The standard relativistic metric unavoidably leads to the existence of three components of angular momentum [24] , whereas the dynamical variables p and ε calculated with the tensor formalism are clearly incompatible with the Heisenberg principle. Starting from the Equation (2.1), instead, everything fits both quantum and relativistic principles; indeed it is easy to show that even the equivalence principle of the general relativity and its consequences are found as straightforward corollaries. It is immediate to show that the metric follows itself from the uncertainty implementing the Equation (6.2) exactly as done in the section 2. Regarding p and ε as local values included in the respective uncertainty ranges (2.1) and replacing them with these ranges, the Equation (6.2) reads ( ) ( ) 
Conclusions
The present model, purposely aimed to calculate ionization energies, has also shown straightforward implications involving in a natural way even the relativity, inferred contextually to the concept of quantization of the energy levels. These short notes, fully discussed elsewhere, have been summarized simply to elucidate the elementary, straightforward and tight link between quantum uncertainty and special relativity. An elementary extension of these considerations leads to relevant results of general relativity [21] . This helps to understand why the approach implementing uniquely the Equation (2.1) is in principle more complete and profoundly rooted on the most fundamental principles of nature than the wave operator formalism.
On the one hand, the simplicity of the approach evidences itself the direct connection between quantum uncertainty and "Aufbau" principle; on the other hand, the fact that the average repulsion energy is quantized itself, as shown in Figure 3 , helps to better understand the concept of correlation. It seems oversimplified the idea of electrons merely repelling each other in a shell, without considering also that the energies of a given configuration can take allowed values only.
The quantization of energy levels results from that of the hydrogenlike term and that of the mutual interaction. Strictly speaking, there is no reason to expect that the attractive electric interaction with the nucleus only leads to discrete energy levels, whereas instead the repulsive electric interaction between electrons should not. Rather it seems more rationale to think that the orbitals are modified by the electron correlation in order to fulfill two quantized effects, and thus that the standard way of implementing the "Aufbau" for the Bohr quantization alone is incomplete; as such, in principle it fails like any partially valid assumption.
